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Introduction: What you won’t learn in this talk :-)

- The Einstein summation convention.

- The difference between a contravariant and covariant
vector.

- How to calculate the Christoffel connection.

- How to solve for the Schwarzschild solution.

- The Canonical Quantization of the Einstein equation.
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Background (History)

Historical Introduction: Before Relativity

- Newton comparing gravity to light in a letter to Charles Boyle:
“So may the gravitating attraction of the earth be caused by the
continual condensation of some other such like ethereal spirit... in
such a way... as to cause it [this spirit] from above to descend with
great celerity for a supply; in which descent it may bear down with it
the bodies it pervades, with force proportional to the superficies of all
their parts it acts upon.”

- John Michell and Dark Stars
Philosophical Transactions of the Royal Society of London, 27 November 1783

1

2
mv2 = GMm

r

v → c ⇒ r = 2GM

c2 Schwarzschild Radius !!

- Maxwell’s Equations:
ε0µ0 = 1/c2
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Background (History)

Historical Introduction: General Relativity

- Special Relativity: Nothing can
travel faster than light.

- Minkowski Space (1907):
Special Relativity as Geometry of
spacetime.

- Can not reconcile Special Relativity
with Newtonian gravity.

- Gravity cannot travel faster
than light!

- The curvature of spacetime
is gravity...

- Differential geometry as the
necessary math, with Grossmann
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Background (Geometry)

Differential Geometry Primer:
4th Grade Geometry to GR in 3 slides

a2 +b2 = c2 2D

a

b

c

x2 +y2 +z2 = s2 3D

x

y

z
s

w2 +x2 +y2 +z2 = s2 4D

−c2∆t2 +∆x2 +∆y2 +∆z2 = ∆s2 4D Special Relativity

Jeffrey Hazboun (CIEP) GR Lecture 28 June 2014 5 / 35



Background (Geometry)

Differential Geometry Primer:
4th Grade Geometry to GR in 3 slides

a2 +b2 = c2 2D

a

b

c

x2 +y2 +z2 = s2 3D

x

y

z
s

w2 +x2 +y2 +z2 = s2 4D

−c2∆t2 +∆x2 +∆y2 +∆z2 = ∆s2 4D Special Relativity

Jeffrey Hazboun (CIEP) GR Lecture 28 June 2014 5 / 35



Background (Geometry)

Differential Geometry Primer:
4th Grade Geometry to GR in 3 slides

a2 +b2 = c2 2D

a

b

c

x2 +y2 +z2 = s2 3D

x

y

z
s

w2 +x2 +y2 +z2 = s2 4D

−c2∆t2 +∆x2 +∆y2 +∆z2 = ∆s2 4D Special Relativity

Jeffrey Hazboun (CIEP) GR Lecture 28 June 2014 5 / 35



Background (Geometry)

Differential Geometry Primer:
4th Grade Geometry to GR in 3 slides

a2 +b2 = c2 2D

a

b

c

x2 +y2 +z2 = s2 3D

x

y

z
s

w2 +x2 +y2 +z2 = s2 4D

−c2∆t2 +∆x2 +∆y2 +∆z2 = ∆s2 4D Special Relativity

Jeffrey Hazboun (CIEP) GR Lecture 28 June 2014 5 / 35



Background (Geometry)

LightCones: Encoded in the metric
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Background (Geometry)

Dot product to ηµν to gµν.

v2 =~v ·~v = [
vx vy vz

]vx

vy

vz



= [
vx vy vz

]1 0 0
0 1 0
0 0 1


vx

vy

vz
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Background (Geometry)

The Metric
Encoding a generalized Pythagorean Theorem

Euclidean Signature

[δab] ≡


1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


Lorentzian Signature

[
ηab

] ≡


−1 0 0 0
0 1 0 0
0 0 1 0
0 0 0 1


Differential Geometry/ General Relativity

ds2 =− c2f1(xµ)dt2 + f2(xµ)dt dx+ f3(xµ)dx2

+ ...+ f8(xµ)dy2 + f9(xµ)dy dz+ f10(xµ)dz2

[
gµν

] ≡


A

Bunch
of

Functions
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General Relativity (Einstein Field Eqn)

Heuristic Einstein Equation
Just a Tensor Differential Equation for the metric

Matrix vs. Tensor?
- Like a generalization of a scalars, vectors and

matrices.

- But also well behaved under coordinate
transformations.

Gµν

(
gµν,

∂gµν
∂xα

,
∂2gµν
∂xα∂xβ

)
= Tµν (Matter Fields)
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General Relativity (Einstein Field Eqn)

General Relativity & the Einstein Field Equation

Spacetime Curvature = Matter/Energy Content

Matter tells spacetime
how to curve.

Spacetime tells matter
how to move.
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General Relativity (Einstein Field Eqn)

Particles follow curved lines when spacetime is curved
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General Relativity (Einstein Field Eqn)

Just an analogy...
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General Relativity (Experiment)

Advance of the perihelion of Mercury

- GR Kepler’s Law:

d2u

dφ2 −1+u = 3G2M2

L2 u2 GR Term

u ≡ L2

GMr

- Advance in
(arcseconds / century):

Source
Precession of Equinox 5025

Sun’s Oblateness 0.028
Perturbations of Planets 532

GR 43
Total 5601

- Einstein’s “Happiest Moment”

Credit: WikiCommons

Paul Marmet
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General Relativity (Experiment)

General Relativity in our phones.

Special Relativity
Relative speed →∆t slower
7µs slower per day.

General Relativity
Smaller curvature →∆t faster
45µs faster per day.

Net Result
Time passes 38µs
faster per day.
Errors of 10 km per day.

GPS Satellites:
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General Relativity (Experiment)

GR in Practice: Moving through curved spacetime

- Gravitational Redshift
(Einstein Delay)

- Shapiro Effect
(Shapiro Delay)

- Gravitational Lensing

HOLiCOW Collaboration
Demorest, et al., Nature. 2010 Oct 28;467(7319):1081-3. doi: 10.1038/nature09466
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General Relativity (Experiment)

The Schwarzschild Metric and Black Holes

ds2 =−
(
1− 2Gm

rc2

)
dt2 + 1(

1− 2Gm
rc2

)dr2

+ r2dθ2 + r2 sin2θdφ2

The singularity at r = 0
is a different story.

Credit: Sean Carroll
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General Relativity (Experiment)

Linear Gravity
Einstein 1916 & 1918

- What do you do when you have complicated DiffEQ?
Symmetry or Perturbation Theory

- What do small perturbations in the metric look like in the curvature?

gνµ = ηνµ+hνµ

Where hνµ is assumed small.

- The Einstein equation, written in terms of hνµ is a wave equation

− ∂2

∂t2 hνµ+ ∂2

∂~x2 hνµ =−16πGTνµ

Jeffrey Hazboun (CIEP) GR Lecture 28 June 2014 17 / 35



General Relativity (Experiment)

Quadrupolar Signal

- One of the simpler solutions of this wave equation relates to the
second derivative of the quadrupole moment.

hij(t,~x) = 2G

r

d2Q̈ij

dt2
Qij = Qij

(
t − r

c

)
- Mass (Energy, momentum) curves spacetime, but does not

create waves.
- Motion is relative, so a changing position can be “dealt with”

using a change of coordinates.
- The quadrupole is related to the moment of inertia tensor.

Multipole Gravity Type
Monopole Total mass Scalar (0-Tensor)

Dipole Position of Mass Vector (1-Tensor)
Quadrupole Shape of Mass 2-Tensor
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General Relativity (Experiment)

Gravitational Waves are Dynamic Curvature
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General Relativity (Experiment)

Gravitational Back Reaction and Hulse-Taylor

- Einstein published the
quadrupole formula in 1916.

- Einstein published the correct

quadrupole formula in 1918.

P =−G

5
〈...Qµν

...
Q
µν〉

- Hulse and Taylor discover the
binary pulsar, B1913+16, in 1974.

- Taylor and Weisberg publish the
energy loss due to gravitational
back reaction.

Taylor and Weisberg, 1981
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General Relativity (Experiment)

How do we detect Gravitational Waves?

- If you want to detect a physical phenomenon, you ask yourself
“What does is do to a physical system?”

- Gravitational waves change the proper spacetime distance
between points.

1 2

3 4

1 2

3 4
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General Relativity (Experiment)

How Strong are Gravitational Waves?

h = ∆L

L

- Couple Dancing
h ∼ 2×10−54

- Battleships Colliding
h ∼ 5×10−46

- Io Orbiting Jupiter
h ∼ 3×10−25

- NS Binary at Galactic
Center h ∼ 2×10−19

- SMBH Binary at
Cosmological Distance
h ∼ 2×10−15
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Gravitational Wave Spectrum

10–410–810–16 102110–210–610–1010–1110–12

AGE OF 
THE COSMOS YEARS HOURS SECONDS MSEC

CMB 
Polarization Pulsar 

Timing

Ground

Space

HZ

The Big Bang Super Massive
Black Hole

Binaries

Compact
Binaries

MBH Binaries

Compact

Binaries,

Pulsars
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General Relativity (Experiment)

How to detect this motion? Interferometers!
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LIGO

LIGO – Hanford, WA

LIGO – Livingston, LA



General Relativity (Experiment)

LIGO Detected the signal from a Black Hole Binary
On September 14th, 2015 (∼ 30M¯), Phys. Rev. Lett. 116, 061102

properties of space-time in the strong-field, high-velocity
regime and confirm predictions of general relativity for the
nonlinear dynamics of highly disturbed black holes.

II. OBSERVATION

On September 14, 2015 at 09:50:45 UTC, the LIGO
Hanford, WA, and Livingston, LA, observatories detected

the coincident signal GW150914 shown in Fig. 1. The initial
detection was made by low-latency searches for generic
gravitational-wave transients [41] and was reported within
three minutes of data acquisition [43]. Subsequently,
matched-filter analyses that use relativistic models of com-
pact binary waveforms [44] recovered GW150914 as the
most significant event from each detector for the observa-
tions reported here. Occurring within the 10-ms intersite

FIG. 1. The gravitational-wave event GW150914 observed by the LIGO Hanford (H1, left column panels) and Livingston (L1, right
column panels) detectors. Times are shown relative to September 14, 2015 at 09:50:45 UTC. For visualization, all time series are filtered
with a 35–350 Hz bandpass filter to suppress large fluctuations outside the detectors’ most sensitive frequency band, and band-reject
filters to remove the strong instrumental spectral lines seen in the Fig. 3 spectra. Top row, left: H1 strain. Top row, right: L1 strain.
GW150914 arrived first at L1 and 6.9þ0.5

−0.4 ms later at H1; for a visual comparison, the H1 data are also shown, shifted in time by this
amount and inverted (to account for the detectors’ relative orientations). Second row: Gravitational-wave strain projected onto each
detector in the 35–350 Hz band. Solid lines show a numerical relativity waveform for a system with parameters consistent with those
recovered from GW150914 [37,38] confirmed to 99.9% by an independent calculation based on [15]. Shaded areas show 90% credible
regions for two independent waveform reconstructions. One (dark gray) models the signal using binary black hole template waveforms
[39]. The other (light gray) does not use an astrophysical model, but instead calculates the strain signal as a linear combination of
sine-Gaussian wavelets [40,41]. These reconstructions have a 94% overlap, as shown in [39]. Third row: Residuals after subtracting the
filtered numerical relativity waveform from the filtered detector time series. Bottom row:A time-frequency representation [42] of the
strain data, showing the signal frequency increasing over time.

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016

061102-2
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General Relativity (Experiment)

LIGO Detected the signal from a Black Hole Binary
On September 14th, 2015 (∼ 30M¯), Phys. Rev. Lett. 116, 061102

the gravitational-wave signal extraction by broadening the
bandwidth of the arm cavities [51,52]. The interferometer
is illuminated with a 1064-nm wavelength Nd:YAG laser,
stabilized in amplitude, frequency, and beam geometry
[53,54]. The gravitational-wave signal is extracted at the
output port using a homodyne readout [55].
These interferometry techniques are designed to maxi-

mize the conversion of strain to optical signal, thereby
minimizing the impact of photon shot noise (the principal
noise at high frequencies). High strain sensitivity also
requires that the test masses have low displacement noise,
which is achieved by isolating them from seismic noise (low
frequencies) and designing them to have low thermal noise
(intermediate frequencies). Each test mass is suspended as
the final stage of a quadruple-pendulum system [56],
supported by an active seismic isolation platform [57].
These systems collectively provide more than 10 orders
of magnitude of isolation from ground motion for frequen-
cies above 10 Hz. Thermal noise is minimized by using
low-mechanical-loss materials in the test masses and their

suspensions: the test masses are 40-kg fused silica substrates
with low-loss dielectric optical coatings [58,59], and are
suspended with fused silica fibers from the stage above [60].
To minimize additional noise sources, all components

other than the laser source are mounted on vibration
isolation stages in ultrahigh vacuum. To reduce optical
phase fluctuations caused by Rayleigh scattering, the
pressure in the 1.2-m diameter tubes containing the arm-
cavity beams is maintained below 1 μPa.
Servo controls are used to hold the arm cavities on

resonance [61] and maintain proper alignment of the optical
components [62]. The detector output is calibrated in strain
by measuring its response to test mass motion induced by
photon pressure from a modulated calibration laser beam
[63]. The calibration is established to an uncertainty (1σ) of
less than 10% in amplitude and 10 degrees in phase, and is
continuously monitored with calibration laser excitations at
selected frequencies. Two alternative methods are used to
validate the absolute calibration, one referenced to the main
laser wavelength and the other to a radio-frequency oscillator

(a)

(b)

FIG. 3. Simplified diagram of an Advanced LIGO detector (not to scale). A gravitational wave propagating orthogonally to the
detector plane and linearly polarized parallel to the 4-km optical cavities will have the effect of lengthening one 4-km arm and shortening
the other during one half-cycle of the wave; these length changes are reversed during the other half-cycle. The output photodetector
records these differential cavity length variations. While a detector’s directional response is maximal for this case, it is still significant for
most other angles of incidence or polarizations (gravitational waves propagate freely through the Earth). Inset (a): Location and
orientation of the LIGO detectors at Hanford, WA (H1) and Livingston, LA (L1). Inset (b): The instrument noise for each detector near
the time of the signal detection; this is an amplitude spectral density, expressed in terms of equivalent gravitational-wave strain
amplitude. The sensitivity is limited by photon shot noise at frequencies above 150 Hz, and by a superposition of other noise sources at
lower frequencies [47]. Narrow-band features include calibration lines (33–38, 330, and 1080 Hz), vibrational modes of suspension
fibers (500 Hz and harmonics), and 60 Hz electric power grid harmonics.

PRL 116, 061102 (2016) P HY S I CA L R EV I EW LE T T ER S week ending
12 FEBRUARY 2016

061102-4
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General Relativity (Experiment)

Globe Girdling Network of Gravitational Wave Detectors

Credit: LIGO
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General Relativity (Experiment)

LISA is the L3 ESA Mission

2.5 Million km Arms
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General Relativity (Experiment)

LISA Pathfinder has been a huge success
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General Relativity (Experiment)

Characteristic Noise Strain

Christopher Berry
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General Relativity (Experiment)

Continuous, Burst and Stochastic Signals

Continuous Wave Signal:

- Low to medium strength
signal.

- Long lived.
- Few Fourier modes.

Burst Signal:
- Strong to medium strength

signal.
- Short lived
- Many Fourier modes.
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General Relativity (Experiment)

Continuous, Burst and Stochastic Signals

Stochastic Background:

- Individual sources weak, but
sum detectable.

- Long lived.

- Many Fourier modes.

Often following a power-law, or

turnover power spectral model.

- Gerhard Mantz, Rough Seas
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General Relativity (Experiment)

Why Extend General Relativity?

There are two dark clouds over
General Relativity...
Dark Energy and Dark Matter.

-Jürgen Ehlers

Until it is solved, the problem of dark
energy will be a roadblock on our
path to a comprehensive fundamental
physical theory.

-Steven Weinberg
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General Relativity (Experiment)

Changes to GR

- MOND

- Massive Graviton Theories (propagation tests)

- Changing the Einstein field equation.

- Bimetric theories

- ...
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General Relativity (Experiment)

Other Polarizations
Metric Theories of Gravity

Will, 2006
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